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December 19

Lecture on site and online (zoom)
Video of lecture will be made available after the lecture

9h15-12am: Handling Imbalanced Datasets
Enable Incremental Learning
Overview of the course
Exam preparation

*12am-13: Open Q&A regarding exam and material of the class
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Q&A session — exam preparation

December 19, 11h15-13:00

Friday 24, 11h00-12h00 room ME.A3.31
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Nonlinear Regression

Interactive Lecture
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Launch polling system

https://participant.turningtechnologies.eu/en/join

Acces as GUEST and enter the session id: appliedml|2020

© & B https;/participant.turningtechnologies.eu/en/join oo v IN D & =

% TurningPoint Msignin @

Hello Guest!

appliedmI2020

Join Session
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Linear Regression Weighted Regression
Find the optimal parameter w through ~ Find the optimal parameter w through
least-square regression: least-square regression:

N L | 2 « (&1 Y
W :mln(ZE(WTX‘ —yi) ] W™ = min Zgﬂi (w X' —y')

Yo\ia RN
Closed-form solution: Closed-form solution:

* T -1 . - -1

w'=(XXT) " Xy w'=(2Z") Zvx

Z = XBY? and v = BY/%y
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Weighted linear regression

—> Standard linear regression 6
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Locally weighted regression

Introduce local solution:

M
=Y B(X)y’ /Z,B, ) € R: weights function of x
i=1

B.(X) = f Also closed-form solution, but local regression

1: Draw the kernel on each point

2: Draw the complete regressive function
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Locally weighted regression

Introduce local solution:

M
=Y B(X)y’ /Z,B, ) € R: weights function of x
i=1

yi; (x)=e_HX' f Also closed-form solution, but local regression
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Support Vector Regression

SVR determines automatically which point matters for
building the regression.

M

y = f(x)=Z(ozi —ai*)k(x‘,x)+b
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Support Vector Regression

Determines automatically which point matters for
building the regression.

M

y = f(x):Z(ozi —ai*)k(x‘,x)+b

i=1

10
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Regression: noise

't:"""““
.-L

“:c;“““

06

How would SVR handle this noise?

11
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Regression: noise

94 Fora gdod choice for & (e - 0.0i), the regfessiVe line is not affected.

7 06 05 04 -03 -02 0.1 0.0 0.1 0.2 0:3 0.4 0.5 0.6 0/l

12
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Regression: noise

But we have a lot of éuppbrt vectors.

All the points outside the -tube.

13



MACHINE LEARNING |
Regression: noise
Fo:r g ::0.1 (:true hoise), thé fit e:xtrac:ts thé genéral tfend
of the data, but we loose in precision.

W

rrrrr

17 06 05 04 03

I - - L
Signal to noise ratio :
variance of y should be much larger than noise magnitude

14
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Regression: noise

_“:cj_““_
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How would KNN handles this noise?

02 -0t 0.0 0.1 0.2

0:3

0.4

0.5

0.6
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Regression: noise

N0|se Ieads to strong quctuatlon for a smaII K, here K 1

o blgnal t@ n0|se ratlo , , | | | | | | | i
; Spread (Df n0|se along X must be smaller than number of nelghbors conS|dered (K)

7 06 05 04 -03 -02 01 0.0 0.1 0.2 0:3 0.4 0.5 0.6 0/l

How would KNN handles this noise?

16
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Regression: noise

Signal to noise ratio :
Spread of noise along x must be smaller than number of neighbors considered (K)

17
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The smallef the kérnel Width o, the more

i  @De@ere®
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Regression: interpolation

O:1

©:0

-0

T T S P T

Which technique will be most i
sensitive to missing data?

A. SVR 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
B. KNN

19
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Regression: interpolation

| Approximate with a line across 2 or
more neighbors

B R e et L

s S T S

s e s s E T T LT S

KNN will be the most sensitive

B B B B S
0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.0 0:1 0:2 0:3 0:4 0.5 0:6 0:7

20
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Regression: interpolation

f kernel width, the trend wil

21
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Regression: interpolation

07 -06 05 -04 -03 -02 -01 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

22
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Gaussian mixture regression

We must first learn the joint distribution

p(x.y)= 3Pyt Z)

a, € [O,l]
p(x,y; 4, 26 ) =N (14, 2")
1, > mean and covariance matrix of Gaussian k.

And then we compute the regressive signal:
y=E{p(y|x)}
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24
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Gaussian mixture regression: 1 Gauss model

K _
y=E{p(ylxz}zz,ﬁk(x)(yt+Z'§X(Z§X) 1(x—yxk))
2 AT
R BT
K :1:> y:ﬂy _|_Zyx (ZXX) 1()(—[1,[)() ‘1W|th ﬁk(x):ia .i(x.luk Zk))
s e S

For which model is the
regressive curve a straight line?

A. Spherical

B. Diagonal

C. Full
0.00% 0.00% 0.00% 0.00%

D. None of them JE R P
NG il K
R AN ozo

‘\0

25
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Are the solutions found when
using spherical or diagonal
covariance matrices different?

A. Yes

0.00% 0.00% 0.00%
B. No . .
C. |do not know o

26
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y:ZyX (ZXX)_lx+yy —Zyx (ZXX)_l 1, Z:{ZX ny—‘

0 o,

,,,,, S o, 0 o, 0
Dlagonal EX:|: 1 :|1Zy:|: Y1 :| : nyzo

Xy unidimensional, hence X, %,

__are identical to spherical case.

Spherical
’l;% WH’ %’

X =002,

— o,l, 2,=0
%, Is amatrix for multidimensional X, y.

Full

/ "*‘ ”””””” %’ ’h 5 \’ﬁf Jﬁ*h-‘

Z,, entails the correlation across x and y.

oA

Z,, =0 : entail correlation between x and y.

27
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Solution of maximum likelihood problem:
Spherical - max logL (X |X)=max logp(X | X)
2 79>

The solution is unique and found in closed-form: mean and variance of dataset,
see exercises of pdf lecture

Is the solution unique? L By S
B No 0.00% 0.00% 0.00%
] - [Eo—
& o &
C. |do not know X N &
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GMR: Multiple Gauss Functions

p(0Y)= e p(xyiah T with p(x,yiat T) =N (s, 2)

k=1

u',>": mean and covariance matrix of Gaussian k.

How many Gauss functions do
we need for an accurate fit?

A 2 o

B. 3 R Q?
& 1

C. 4 P, x

D. >4 %

o oo . 06 05 -04 03 02 -01 00 031 02 03 04 05 06

29
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~ More sensitive to missing data

30
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What does the model predict away from the data?

A.

B.
C.
D

The model converges to a single value.
The model follows the local trend.
It |S |mpOSS|b|e to te” 0.00% 0.00% 0.00% 0.00%

| do not know. &S

31



Far away, influenced by Gauss

Close to data, follows ) . )
functions with large variance

the local trend |

and large relative influence (o)

R e
", | :Bk(x)zK p(Xlu )

>):y=g®

Linear combination of K local
regressive models

Very far from the data the
prediction can be
completely unexpected.

32
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Knowing that we have ~100 points and use a 2/3' training/testing

Oo0Owe>

ratio, for which K would we start seeing overfitting?

K=10

K=20

K=50

K=100 0.00%  0.00%  0.00%  0.00%
T ? S :0?5

4 < < R

33
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Overfitting with multiple Gauss functions

€ Comparison Results - U X
Compare | Crossval Cui ¥ |p Clipboar |Error (Testing) - Box Plots -
ross Validatic | gap o SetB
nput Dim fold - -
\gression Dialn j Testrat | okl GMM2FulKM  GMM3FulkM  GMM4FulKM  GMMS5FulKM  GMMI10FulK-M  GMM 20 Ful K-M
i f (0] (0]
2 v| |66% - reset reset 0.103
Remove |Zlear All Save | Load
GMM 2 Ful K-M
GMM 3 Ful K-M
GMM 4 Ful K-M 0.05 0.062
GMM 5 Ful K-M : % 0.047
CRANE T Dl b BA i 7
| p(x; 1k, >k 0 0.024
Q. - ( L ) . 0.023 0.022
k VX X
— 025 0.02 __
B (X) =— 2510 0.0205%%, 0.020==y, 0.019====
.k ok
Do P(X )
k H X ! x/ A
s k=1 /7 "\

=00+ 2 (25) (- )

Clear overfit

N(N +1)

K +K-N+K- ratio-# datapoints - dimension = 0.66-100-2 =132

Priors  Means 2 /- K=20: # parameters =120
Full Covariance Matrix

34
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What would be the effect of overfitting in GMR ?

Multiple correct responses

A. Aberrant prediction when far from the dataset

B. Aberrant prediction even for query points close
to the dataset

C. Aberrant prediction could be any value, even

values never seen at training. 000% 000% 000% 000% 0.00%
D. Aberrant prediction would be a value that & & &
remains within variance of the dataset. P
& & & @ ¢

E. Aberrant prediction can only be “zero”.

35



MACHINE LEARNING |

€ Comparison Results - U X
Compare | |Crossval Cut ¥ | p Clipboar) | Error (Testing) - Box Plots -
ross Validatic | gap p SetB
nputDim| 19 3] fold - -
\gression Dialn j Testrat | okl GMM2FulKM  GMM3FulkM  GMM4FulKM  GMMS5FulKM  GMMI10FulK-M  GMM 20 Ful K-M
T ! 0]} (o}
2 v| |66% - reset reset U.103
Remove Clear All Save | Load
GMM 2 Ful K-M
GMM 3 Ful K-M
GMM 4 Ful K-M o 0-062
GMM 5 Ful K-M : ﬁ 0.047
GMM 10 Ful K-M 047 0.03
GMM 20 Ful K-M ] o024 0.0 0.022
I g L 0.019===
Starts fitting small Tt T.017
group of points
function |

]
I
I
I
]
-
I
I
I
I
]
i
I
I
I
I
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€ Comparison Results U X
Compare | |Crossval Cut ¥ | p Clipboar) | Error (Testing) - Box Plots v
ross Validatic | gap p Set B NV

nput Dim fold

lick lick g g g 2 2 .
\gression Drain / Test rat Ct'; Ct'; GMM 2 Ful K-M GMM 3 Ful K-M GMM 4 Ful K-M GMM 5 Ful K-M GMM 10 Ful K-M GMM 20 Ful K-M
2 v |66% T reset reset s
Remove Clear All Save | Load

CMM 2 Ful K-M
CMM 3 Ful K-M
CMM 4 Ful K-M e

GMM 5 Ful K-M 0-057% 0.047
CGMM 10 Ful K-M 047

0.03
GMM 20 Ful K-M % 0.024 0.023 0.022
{025 0.022?59 o.ozoﬁ_ﬁ—g 0.020%-7 0.0 19=U’ﬁ7
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Interpolates across two neighbor linear models.

______________________

Regressive line is coherent locally,
as it is affected only by the influence
of neighboring Gauss functions.

_____  Meanofallioca mjdeclli p(Xlukzk) (ﬂt 2y () (x- s )J)
y= Zﬂk (X) AN=% K sk ﬂk;(x)
1 NS Do P0Gy, T

~1 for all k k=

IR 2
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Overfitting with multiple Gauss functions

.~

) Sk ok K « VLK |4 Numerical
| | | with 2. - 2, ~2 (Z x) Zw h instabilities
N ——

39
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o4
Cp
Yo
)
N
N %
!

Aberrant predictions in the vicinity of the data I
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Regression: noise

_“:cj_““_

(o)
i

(o]
b

o]
NS

17

06

05

0.4

03 02 -0t 0.0 0.1 0.2 0:3

How would GMR handle this noise?

0.4

0.5

0.6

41
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Regression: noise

———————————————————————————————————————————————————————————————————————————

___________________________________________________

Puts large Gauss functions .
locally on top of the noise |-

________________________________________________________________________________

42



MACHINE LEARNING |

Regression: noise
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Regression: interpolation

How would GMR handle missing data?

44
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Regression: interpolation

Solution with 2 Gauss functions

GMR interpolates correctly following the trend with a small curvature at the junction

45
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Solution with 2 Gauss functions

Would the solution
depend on initialization? . ., 4. oo o1 o5 o5 o4 os o o

A. Yes
B. NoO 0.00% 0.00% 0.00%
PR = L
C. |do not know @ &
0‘\.

o
& 46



MACHINE LEARNING |

Regression: interpolation

But in principle the solution is not unique and there are often many solutions,
each of which corresponds to a local optima on the likelihood.

0.5 / \ 0.5 /
0.4 4

o

0.3

f=
w

jod
n

)

For instance, we find 2 distinct solutions for a GMM with K=3. 47
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Regression: neural networks
How many neurons and hidden layers at minimum
do you need to fit this quadratic function?

S e e e
D e Denote Iayer ______________________________________________________________________________________________________________________________________
! Lo S

| ZW f ZW,1 X+ w]

i=

B e T e S T R e e
_&4 ________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
-Ci? -Ciﬁ -05 l14 d3 02 dl 00 01 02 03 04 05 06 07
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Regression: neural networks
How many neurons and hidden layers at minimum
do you need to fit this quadratic function?

T e e S G R :

'
non L

We need 1 hidden layer and at least 2 neurons in the hidden layer (symmetry of the
dataset), and 4 to model accurately the change in slope across the 4 points.

| | | | RelLu - Linear combination of K local regressive models |
T — Sigmoid — Quasi linear combination . —

-0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0.0 0i1 0.2 0.3 0.4 0.5 0.6 0.7
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'Regression: neural networks

.
Budh koo T e s S Frmennoonoo o Fommoeee
. 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

T e e e e

ﬂH ------------- non-convex optimization —backpropagation

-&2“. i i i . i

Would the solution be
nigue?
. unique
A. Yes

4 B, NO -------- o:ocri% ---------- o:?oo%- --------
| | i -—
| ! N i

q C. | do not knpw a4 o ) o

\e>° 50
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Regressmn neural networks

Lmear combmatlon of RBF functlons - 5|m|Iar expressmn to SVR

But the RBF are not centered on one pomt but on a combination of pomts

-0.7 -d.s cts -c{.4 d3 dz 01 0@0 0@1 oiz 0@3 0i4 0@5 ois
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Regression: neural networks

e _
Solution with 4 neurons |

y = f(ZWﬁf (iwﬁjx‘ +vvé’jj+ng, f :RBF
i i=1

RBF function — similar expression to SVR

But non-convex optimization — backpropagation, in contrast to SVR

52
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